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were given by Monge (1809) in special simple cases, Pfaff gave their general integration and considered the integration of partial differential equations as a particular case of the general integration. In this the general integration of differential equations of every degree between two variables is assumed as known.* Jacobi (1827,1836) also advanced the theory of differential equations of the first order. The treatment was so to determine unknown functions that an integral which contains these functions and the differential coefficient in a prescribed way reaches a maximum or minimum. The condition therefor is the vanishing of the first variation of the integral, which again finds its expression in differential equations, from which the unknown functions are determined. In order to be able to distinguish whether a real maximum or minimum appears, it is necessary to bring the second variation into a form suitable for investigating its sign. This leads to new differential equations which La-grange was not able to solve, but of which Jacobi was able to show that their integration can be deduced from the integration of differential equations belonging to the first variation. Jacobi also investigated the special case of a simple integral with one unknown function, his statements being completely proved by Hesse. Clebsch undertook the general investigation oi the second variation, and he was successful in showing for the case of multiple integrals that new
* Gauss, Wtrke, III., p. 232.